We analyze the properties of a class of improved lattice topological charge density operators, constructed by a smearing-like procedure. By optimizing the choice of the parameters introduced in their de nition, we nd operators having (i) a much better statistical behavior as estimators of the topological charge density on the lattice, i.e. much less noisy; (ii) a multiplicative renormalization much closer to one; (iii) a large suppression of the perturbative tail in the corresponding lattice topological susceptibility.
Introduction.
In QCD an important role is played by the topological properties. By the axial anomaly, matrix elements or correlation functions involving the topological charge density operator q(x) can be related to relevant quantities of the hadronic phenomenology. We mention the topological susceptibility , which is determinant in the solution of the U (1) A problem, and the on-shell nucleon matrix element of q(x), which can be related to the so-called spin content of the nucleon.
Lattice techniques represent our best source of non-perturbative calculations, however investigating the topological properties of QCD on the lattice is a non-trivial task. In a lattice theory the eld is de ned on a discretized set and therefore the associated topological properties are strictly trivial. One relies on the fact that the physical continuum topological properties should be recovered in the continuum limit.
Considering a lattice version of q(x), q L (x), the classical continuum limit must be in general corrected by including a renormalization function. In pure QCD, where q(x) is renormalization group invariant,
where Z(g The relation of the zero-momentum correlation of two q L operators, L , with the topological susceptibility is further complicated by an unphysical background term, which eventually becomes dominant in the continuum limit. Indeed Another problem, which has come up in some studies concerning the lattice determination of the on-shell proton matrix element of q(x) 2], is that the lattice operator (2) is very noisy: a very large statistic and therefore expensive simulations are necessary in order to get a reasonable uncertainty on the nal result. In view of a full QCD lattice calculation the search for a better estimator appears a necessary step.
We study, within the eld theoretical approach, the possibility of improving the lattice estimator of q(x) with respect to all the problems listed above, that is we look for local lattice versions of q(x) which are less noisy, have a multiplicative renormalization closer to one, and whose corresponding L is not dominated by the unphysical backgroung signal M (g (Any L de ned from a local q L will eventually be dominated by its perturbative tail in the continuum limit. To the purpose of evaluate a good result would be to have it small at g 2 0 ' 1, which should be already in the scaling region.)
2. Improved topological charge density operators.
Inspired by the widely used smearing techniques, we consider the following set of operators de ned in terms of smeared links V
; (4) where (i) is the product of smeared links V (i) (x) around a 1 1 plaquette. Such smeared links are constructed by the following procedure:
where
(x) and therefore q Notice that the size of q (i) L (x) increases with increasing the integer parameter i, but they can still be considered as local operators when keeping i xed while approaching the continuum limit. Anyway, as we shall see that a good improvement with respect to q (0) L (x) q L (x) is already achieved for small values of i, by optimizing the choice of the parameter c.
The procedure (5) may be used to improve any local operator involving link variables. Smearing methods to improve lattice estimators have been already widely employed in the study of long distance correlations, such as large Wilson loops and hadron source operators.
3. Perturbative analysis.
We have calculated Z(g 2 0 ) to one loop for the once-smeared operator q (1) L (x) within the Wilson action formulation. We nd Z For q (1) L (x), we have also calculated the lowest perturbative contribution to the mixing with the unity operator P (g . Thus, for all N , the leading order of P diminishes by more than two orders of magnitude compared to its non-smeared value (c = 0).
In the presence of dynamical fermions one should take into account the fact that, unlike pure gauge theory, the topological charge density mixes under renormalization with @ j 5 . The nonrenormalizability property of the anomaly in the MS scheme means that the anomaly equation should take exactly the same form in terms of bare and renormalized quantities. However the renormalization of @ j 4. Non-perturbative analysis by the heating method.
Estimates of the multiplicative renormalizations of the operators q (i) L (x) and of the background term in the corresponding L can be obtained by using the numerical heating method 6, 7] , without any recourse to perturbation theory. We applied the heating method to the operators q Table 1 , and should be compared with the value Z( = 2:6) = 0:25(2) for the standard operator (2) (2) 2 0.67(2) 0.74(2) 0.68 (2) This analysis con rms the one-loop perturbative calculations, that is the improved operators we considered have a multiplicative renormalization closer to one than that of the initial opera- For larger i we expect to get Z (i) closer and closer to one. On the other hand, we should not forget that increasing the number of improving steps the size of the operator q (i) L (x) increases, therefore one should nd a reasonable compromise taking into account the size of the lattice one can a ord in the simulations.
A comparison of the above results for i = 1 with the one-loop calculation shows that the contribution of the higher perturbative orders is still non-negligible, but not so relevant as in the case of the operator without improving.
Another important property of the improved operators, we can infer from the heating method results, is that they are much less noisy than q L (x). A quantititive idea of this fact may come from the quantity e is the typical error of the data in the plateau during the heating procedure. We indeed found for c ' 1:0 and for an equal number of measurements:
' 7 and e (0) =e (2) ' 18 .
An estimate of the background signal M (g 2 0 ) can be obtained by measuring L on ensembles of con guration constructed by heating the at con guration 7, 8] . The estimates of M (i) ( = 2:6) from the plateaus observed in the heating procedure are reported in Table 2 , and should be compared with the value M ( = 2:6) = 2:09 (5) 10 5 relative to the standard operator (2). Table 2 (3) is similar to that achieved for SU (2) , using the optimal operator for i = 2 at g 2 0 = 1 the unphysical term in Eq. (3) may become a small part of the total, allowing a precise determination of by the eld theoretical method.
Conclusions.
We have analyzed the properties of a class of improved lattice topological charge density operators. Such improved operators look promising for the lattice calculation of the on-shell proton matrix element of the topological charge density operator in full QCD, which is related to the so-called proton spin content. Indeed their use should overcome the di culty due to the large noise observed in preliminary quenched studies 2], and their multiplicative renormalizations are much closer to one.
They should also provide a relevant improvement in the determination of the topological susceptibility by the eld theoretical method in the SU (3) gauge theory, since the unphysical background term should get strongly reduces while the term containing gets enhanced by the larger values of the multiplicative renormalization. This should allow a precise and independent check of the alternative cooling method determinations (see e.g. Ref. 9]), whose systematic errors are not completely controlled. Furthermore the improved operators may open also the road to a more reliable lattice investigation of the behavior of the topological susceptibility at the decon nement transition, where cooling technique does not seem to give satisfactory results 10].
